The nonlinear dynamic response, Limit Cycle Oscillations (LCOs), of high aspect ratio wings using a novel indicial aerodynamics in subsonic flow is investigated. Using the nonlinear beam theory, the structural model is derived including the in-plane and out-of-plane bending and torsion motions, all nonlinearities up to cubic order arising from large deformation, mass distribution, and cross-sectional mass imbalance. Based on new approximations of the indicial functions, a comprehensive unsteady aerodynamic model is used. Such an indicial aerodynamics while being coupled to nonlinear structural equations can result in a unified nonlinear aeroelastic formulation in both the incompressible and subsonic compressible flow. The effect of flight conditions, wing tip initial disturbances, stiffness ratio between bending modes, and nonlinearity due to inertia and cross-sectional mass imbalance on the characteristics of LCO are discussed. The results show that the compressibility can affect the LCO boundary up to 12 percent which implies that an appropriate Machdependent aerodynamics is required to achieve a more reasonable and realistic description of dynamic behavior of the system. It is shown that the presence of LCO before the linear flutter speed depends on initial disturbances as well as wing characteristics.
Introduction
High-aspect-ratio and highly-flexible lifting surfaces can be taken into account as the main features of Highaltitude long-endurance (HALE) aircraft. Undergoing large deformations due to aerodynamic loads, such wings  Corresponding author.
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E-mail address: s_shokrollahi@mut.ac.ir exhibit nonlinear dynamic behaviors which cannot be described by classical aeroelastic methods. Therefore, the nonlinearities caused by large deformations should be considered to study the nonlinear phenomena, such as limit cycle oscillation, bifurcation, chaotic vibration, and internal resonance of such wings. Limit Cycle Oscillation (LCO) is a steady-state periodic oscillation which may be accrued at velocities both above and below the linear flutter speed, depending upon the dynamic of system, nonlinear mechanism, and the magnitude of applied disturbance. During the last decades, various researches have been carried out on the nonlinear aeroelastic problems, including two-dimensional airfoils, single wings, and full aircraft. In order to investigate the aeroelastic behavior of High-Aspect-Ratio (HAR) wings, a continuous highly-flexible beam model undergoing large deformation along with the modified strip theory have been widely applied by researchers [1] .
Large deformations due to in-plane, out-of-plane, and torsional motions will introduce significant structural nonlinearity into the aeroelastic equations of motion. In fact, the nonlinear strain-displacement relations (geometric nonlinearity) are responsible for appearing nonlinear coupling terms in the bending-bending-torsion equations [2] . As a result of increasing the aspect ratio, the importance of in-plane motion in the dynamic responses due to nonlinear coupling should be also included [3, 4] . According to the above discussion, although the stability characteristics of HAR wings, e.g., flutter speed may be determined by linear methods, the nonlinear analysis is inevitable to investigate the nonlinear phenomena and study of the dynamic responses.
Appropriate structural and aerodynamic modeling may result in an accurate aeroelastic analysis. The nonlinear beam theory is generally used to describe the large deformation and the related geometrical nonlinearity effects of HAR wings. Geometric nonlinearities may be generally classified into the following types: large displacement-large rotation-small strain, large displacement-small rotation-small strain and large displacement-large rotation-large strain, which the first one is commonly considered in the HAR wings [1] . The nonlinear moving beam and the geometrically exact intrinsic beam are two types of basic structural models.
Hodges and Dowell [5] presented the nonlinear moving beam model with quadratic nonlinearities for twisted non-uniform rotor blades. However, the model does not have enough accuracy for large deflections because the resulting coupled equations of motion include only second-order nonlinear terms [6] . Considering some thirdorder nonlinear terms, Rosen and Friedmann [7] obtained a more accurate equations than those of Hodges and Dowell. Crespo da Silva and Glynn [8] developed a set of cubic nonlinear differential equations including the coupled bending-bending-torsional motions of Euler-Bernoulli beams with arbitrary boundary conditions. The derived equations included the nonlinear effects due to curvature and inertia and are suitable for nonlinear analysis of moderately large oscillations. Comprehensive nonlinear equations describing the extensional-bending-bending-torsional motions of three-dimensional beams were derived by Pai and Nayfeh [9] . The findings indicate that although the geometric nonlinearities dominate the inertia nonlinearities for the lowfrequency modes, the inertia nonlinearities play a more significant role in high-frequency modes [10] . The primary form of geometrically exact intrinsic beam model was first derived by Hodges [11] .The model provides a geometrically exact, fully intrinsic dynamic formulation for moving beam .
Various aerodynamic theories such as indicial response theory, Euler or Navier-Stokes CFD techniques, and unsteady vortex-lattice method can be used to calculate aerodynamic loads [12] [13] [14] [15] [16] [17] . Classical aerodynamic loads such as Wagner, Theodorsen, and Greenberg models have limited practical applications due to the effects of compressibility and restricting the solution method to the frequency domain. On the other hand, application of numerical methods based on computational fluid dynamics may be also impractical and inefficient in common aeroelastic problems due to the solution complexity and requirements of extremely large amount of computational resources. The indicial function method has been attracted more attention to determining unsteady aerodynamic loads undergoing arbitrary motions in the compressible flow field, because of its practical and convenient computational forms leading to suitable formulations in aeroelasticity problems. Mazelsky [18, 19] , Mazelsky and Drischler [20] approximated the indicial response functions with series of four exponential terms at specified Mach numbers (i.e., 0.5, 0.6 and 0.7). Leishman [15] obtained the unsteady indicial aerodynamic functions, approximated by series of three exponential terms, due to step changes in angle of attack and pitching rate in subsonic compressible flow. Marzocca et al. [21, 22] determined the unsteady aerodynamic loads for an oscillating airfoil using linear and nonlinear indicial functions in the incompressible and compressible subsonic, transonic, supersonic and the hypersonic flight speed regimes. Farsadi and Javanshir [23] developed a Mach-dependent exponential approximation of indicial functions in the range 0.5 0.8 M  of subsonic compressible flow. Based on alternative approximations of indicial functions, Nejati et al. [24, 25] developed a comprehensive, efficient and Mach-dependent unsteady indicial aerodynamic model which are valid throughout the entire subsonic flow, i.e. 0 0.8 M  . Despite the fact that the unsteady aerodynamic loads based on the indicial response method are often determined for 2-D airfoils, they can be generalized to 3-D problems. To this, the modified strip theory along with the modified lift curve slope are used to include 3-D effects for the finite span wings [26, 27] .
Extensive studies have been carried out on nonlinear aeroelasticity and corresponding phenomena such as limit cycle oscillation, internal resonance, bifurcation and chaotic motion of flexible HAR wings. Tang and Dowell [28] investigated theoretically and experimentally the aeroelastic response and presence of LCO of a HAR wing. They applied the ONERA stall model and Hodges-Dowell equations to describe the structural and aerodynamic nonlinearities, respectively. Patil and Hodges [3] used geometrically exact structural analysis coupled to finite-state unsteady aerodynamics with stall to analyze numerically LCOs in HAR wings. They found that a critical disturbance value should be implied at a given speed and a critical speed must be reached at a given disturbance magnitude to initiate LCO. Strganac et al. [4] studied the nonlinear behaviors and bifurcation characteristics of highly-flexible wings undergoing moderate-to-high deformations. They used Crespo da Silva beam theory and Navier-Stokes method to develop the governing nonlinear aeroelastic equations. Shams et al. studied the flexural-torsional and also flexural-flexural-torsional nonlinear aeroelastic response of slender wings using the Crespo da Silva nonlinear beam model and unsteady linear aerodynamic strip theory based on the Wagner function [29, 30] . Zhang and Xiang [31] used the geometrically exact, fully intrinsic beam model [32] appended to a nonlinear dynamic stall model including drag to derive a first-order, state-space model for nonlinear aeroelastic analysis of HALE wings. Eskandari et al. [33] investigated the effect of different parameters including stiffness ratio and mass ratio, and mass imbalance on divergence and flutter speed, and also LCO of HAR wings. They adopted the Hodges-Dowell moving beam and quasi-steady aerodynamic to derive the governing aeroelastic equations. Badiei et al. [34] investigated the aeroelastic responses of HAR wings in the stall and post stall regions of incompressible flow. They derived their nonlinear aeroelastic model using the nonlinear and nonplanar motions of Euler-Bernoulli beam theory and an unsteady aerodynamic static stall model. Dardel et al. [35] investigated the effect of angle of attack on aeroelastic features of HAR wings with structural nonlinearities, included by Hodges-Dowell moving beam in unsteady subsonic compressible flow, based on Wagner function. Xiao et al. [36] studied the limit cycle ocsillation of an isotropic HAR wing undergoing an unsteady incompressible aerodynamic model. They showed that the use of the first two modes of out-of-plane and torsional motion is good enough to determine the instability. Koohi et al. [37, 38] developed a modified aeroelastic model to calculate the stability of composite HAR wings, using a beam theory presented by Yuan and Friedmann [39] and an unsteady aerodynamic model based on Jones's approximation and ONERA dynamic stall. They represented that higher order terms in structural equations undergoing large deflection should be taken into account. Jung and Kwon [40] developed a coupled CFD-CSD method to predict aeroelastic static deflections and dynamic aeroelastic behaviors of HAR wings. Bakhtiari-Nejad et al. [41] studied linear and nonlinear aeroelastic behavior of HAR wings, using a third-order nonlinear beam model coupled to Wagner state-space Model. They found that geometric structural nonlinearity has a detrimental effect on the flutter behavior. Using a method of joining three-dimensional and one-dimensional finite elements, a reduced order beam model was developed by Hosseini and Hodges [42] to investigate the nonlinear aeroelastic of HAR wings. The computational cost efficiency and high accuracy are two advantages of their model. They also adopted finite state induced flow theory of Peters to model the unsteady aerodynamic loads. Farsadi et al.
[43] studied geometrically nonlinear aeroelastic behavior of pre-twisted HAR wings. The structure was modeled as thin walled beams and the approximation of the Wagner's function in time-domain was used to describe unsteady aerodynamic loads in the incompressible flow regime. Proposing an alternative simulation approach for the nonlinear ONERA aerodynamic model, leading to a reduction in the computational cost, Xu et al. [44] studied the nonlinear aeroelastic behaviors of a slender wing without store and of the wing-pylon-store system. Nejati et al. [25] developed a nonlinear aeroelastic model to investigate nonlinear aeroelastic behavior of HAR wings. They adopted nonlinear 3D Euler-Bernoulli theory and an unsteady indicial aerodynamic to model the out-of-plane bending and torsional motions of a highly-flexible wing in the subsonic compressible flight speed regime. As it mentioned earlier, the in-plane bending mode finds more importance has been found to be more significant in the dynamic behavior of HAR wings than other modes and therefore should be taken into account in the governing aeroelastic equations of motion. Following the previous work, the nonlinear aeroelastic behavior of HAR wings, including the in-plane and out-of-plane bendings and torsion motions, in subsonic flow is investigated in the present study.
The main objective of the present research is focused on the development of a unique formulation to investigate the nonlinear behavior of HAR wings over the entire range of subsonic flow, including incompressible and compressible cases. Following the nonlinear moving beam approach applied by Pai and Nayfeh [2] , a nonlinear structural model is derived, focusing on the effect of cross-sectional mass imbalance, including the in-plane and out-of-plane bendings; and torsional motions. The indicial function concept is adopted to determine the unsteady aerodynamic loads [24] . A unique representation of the indicial functions about any axis of rotation, a unified aerodynamic formulations in both incompressible and subsonic compressible flow, and a new and efficient form of unsteady aerodynamic loads appropriate to state-space analysis are some advantages of the method which has been applied. To derive the governing aeroelastic equations of motion, the indicial aerodynamic loads are appended to the governing structural equations. The resulting partial differential equations contain the linear and nonlinear bending-torsion and nonlinear bendingbending coupling terms, the linear and nonlinear contributions due to mass imbalance in the cross section, and both quadratic and cubic nonlinearities due to curvature and inertia, and are valid over the entire range of subsonic flow. To verify the nonlinear aeroelastic equations and also to investigate the aeroelastic behavior of HAR wings, including flutter instability and response analysis, the linear eigenvalue and the time-domain linear/nonlinear response analysis are applied for two wing models, respectively, in both incompressible and subsonic compressible flow.
The flutter boundary, flutter and post-flutter time responses, limit cycle oscillation, and phase plane diagrams are studied for various initial tip disturbances and different flight conditions. The effect of compressibility, flight conditions including altitude and air speed, various initial tip disturbances, the stiffness ratio between the out-of-plane and in-plane bending mode, and nonlinearity due to inertia and cross-sectional mass imbalance on the nonlinear dynamic response are also discussed in this paper.
Equations of motion
Development and suitable combination of proper aerodynamic and structural models are the main steps towards achieving nonlinear equations of motion. In the following subdivision, it is discussed how to derive the first order nonlinear differential aeroelastic equations in the state-space form, valid for large oscillations of metallic HAR wings over the entire range of subsonic flow.
Structural Model
Here, a brief explanation is provided as to how the nonlinear structural model is developed. The reader is referred to [2] for further details. Consider an initially straight wing of length and mass per unit length , as shown in Fig. 1a . Two coordinate systems can be employed in order to determine the whole kinematics of the system: the Cartesian coordinate system xyz describing the undeformed geometry, and the orthogonal curvilinear coordinate system  depicting the deformed geometry. Let In the absence of warpings, a differential element of the wing can be supposed as a thin rigid plate with infinitesimal thickness ds and a constant finite area. Hence, the motion of such an element may be expressed by three translational displacements u , v , and w ; and two rotations  and  . According to Fig. 2a , the relation between the axial strain and the displacement filed is
where the prime indicates the derivative with respect to s . Under the assumption of in-extensionality and neglecting some higher order terms, it can be shown that u is a second order quantity as
The components 1 , 1, 2,3 j Tj  , can be obtained by projecting the unit deformed vector shown in Fig. 2b along the unit vectors of the Cartesian coordinate system .
Following the transformation approach using two Euler angles and known components 1 
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where the trigonometric functions can be written as   
where denotes the distance between the center of mass and the elastic center. Local strain and stress values are used in order to fully account for geometric nonlinearity. According to these values, variation of the elastic energy is given by
where ij  denotes local stress and local strain components, i.e.
ij
, can be determined by the relationship between the local displacement field and its derivative with respect to s . The local strain are therefore expressed as
As mentioned earlier, there are four dependent variables ,, u v w , and  . Assuming linear viscous damping, therefore, the non-conservative expressions can be written as
where  denotes the virtual rigid-body rotation with respect to the  axes.
It should be kept in mind that, under the in-extensionality assumption, the dependent variables are reduced to three, namely, , vw , and  . Hence, the equation governing must be treated as a constraint. Moreover, the variable  does not represent the real twist angle. The real twisting angle, which can be determined using the twisting curvature and kinematic boundary conditions, is as follows
The transcendental governing equations of motion for bending-bending-torsional vibrations of a cantilevered wing with associated boundary conditions can now be derived using the extended Hamilton's principle. 
Using the fact that the rotary inertias are of the order of two and neglecting the mass imbalance effects, the same equations as those derived by Crespo da Silva can be obtained [8] . Moreover, the same equations as developed by Straganac et al. [4] and Abbas et al. [45] can be derived by ignoring nonlinear mass imbalance terms and the in-plane motion, respectively.
Indicial Aerodynamic model
The unsteady aerodynamic loads can be determined using the indicial function concept on a wing undergoing any arbitrary motions via Fourier superposition and Duhamel integral [26] . Mach-dependent approximations of the indicial functions has been developed using the analytical as well as available numerical data . The detailed description and process of how to approximate the indicial functions has been reported in the authors' previous work [24, 25] . Hence, in the following, it is only represented the indicial aerodynamic loads to be appended to the governing structural equations. For two-dimensional airfoils as shown It should be noted that the compressibility has negligible effect on the indicial functions behavior for Mach number less than 0.2 [15, 24, 25] , and therefore the indicial functions in the incompressible case can be used to obtain the unsteady aerodynamic loads in this flight speed range.
In order to have the same representation of aerodynamic loads over the entire subsonic flow regime, one can substitute the single Wagner's function with four indicial ones, including the same known exponential coefficients as mentioned above. The coefficients approximating the indicial lift and moment in the incompressible flow are also determined based on the same aforementioned procedure and shown in Table 2 .
An appropriate and comprehensive representation of unsteady aerodynamic loads using such indicial functions can be express as 
and auxiliary state-apace variables, B , should satisfy the following first order differential equations.
Note that in the compressible unsteady aerodynamic theory, any concept of virtual mass is meaningless [22, 26, 46] . Since the unsteady aerodynamic loads, i.e. Eqs. (28) and (29), include only the circulatory portions, one should append the non-circulatory contributions while determining the unsteady incompressible lift and moment as follows [22, 26] .
where 
where AR denotes the aspect ratio of the wing.
Aeroelastic equation
After determining the structural and aerodynamic models, one can derive the aeroelastic system through coupling them. Ignoring the drag forces, and Substituting Eqs. (28) and (29) into the unknown distributed external loads of Eqs. (17) to (19) yields
The system nonlinearities written on the right hand side are caused by large structural deformations and contain inertia, stiffness, damping and mass imbalance-induced terms up to third order. 
  
The resulting aeroelastic equations represent both bending-bending and bending-torsion coupling terms, fully linear and nonlinear contribution of the mass imbalance and both quadratic and cubic nonlinear terms due to curvature and inertia as well as the unsteady indicial aerodynamic features.
Discretizing the equations of motion
The partial differential equations (42)- (44) 
Recall that, 
Substituting the series form of displacements, Eqs. (50) and (51), into the governing equation of motions, Eqs. (42)- (44), and following the Galerkin procedure, one can obtain a set of ordinary differential equations describing the in-plane bending, out-of-plane bending and torsional motions. In matrix form, these equations may be expressed as 
Each of above matrices are given in Appendix A. It should be noted that, some of the matrices involved in equation (53) are time invariant and can be therefore evaluated only once, while some other ones are time variant and should be computed at every time step. Let the state vector is defined as
t v t t w t v t t B t B t B t
where ,, l m and n represent the number of in-plane, out-of-plane and torsional modes, respectively.
Similar to the conventional process of converting two-dimensional differential equations to a set of coupled first-order differential equations, using the concept of the state space formulation, the governing equation of motions (53) and (54) could be rewritten as respectively .It is noteworthy that the matrix denoted by   B should be constructed using the terms on the right hand side of Eq (54). Now, the first order ordinary differential equations can be solved numerically by applying the standard Runge-Kutta time-marching scheme.
Results and discussion
To investigate the nonlinear aeroelastic behavior of a HAR wing in the subsonic compressible flow, the linear eigenvalue and response analysis are performed in the time domain. For this purpose, consider two wing models with different geometric and material properties: the modified Daedalus Human Powered Aircraft (HPA) [3] , and the Goland Wing (GW) [49] , as shown in Table 3 . The first one is usually used to model the highly-flexible wings such as those applied in HALE aircraft.
The validity of the method developed here can be confirmed through comparing the aeroelastic behaviors of the HPA wing including the flutter boundary and time responses in the incompressible flight speed regime with those that are available in [3, 30] . The same unsteady aerodynamics as aforementioned resources are obtained using both circulatory and non-circulatory parts of aerodynamic lift and moment described by equations (28)- (29), and equations (35)- (36), respectively, in which the approximating coefficients are taken from Table 1 and   Table 2 for zero Mach number. Using the eigenvalue or the time response approach and the HPA wing characteristics described in Table 3 , the linear flutter boundary can be determined through the governing aeroelastic equations given by equation (58). It should be noted that according to decreasing the effects of higher mode contributions on the results [30] , first two modes in each degree of freedom are considered to investigate the interaction between the motions and describe the response. Moreover, the eigenvalue analysis of bending-bending-torsion equations are converted to that of bending-torsion ones due to eliminating nonlinear coupling terms and also ignoring the effect of drag force.
Linear flutter and nonlinear LCO boundary, speed and frequency at which the LCO is initiated, for various initial tip disturbances are shown in Table 4 based on the present study and those reported in [3, 30] , from which it can be found that there is good agreement between the results.
For further comparison purpose, the system response at flight speed of about 28 / ms for various initial disturbances are shown in Fig. 5 . It can be seen that the wing tip response is attracted to almost identical LCO oscillating with a mean around 1.5 m for initial tip deflections of 4 m , whereas, it settles down to the stable equilibrium state for initial deflection less than 1 m . These results are quantitatively and qualitatively in good agreement with those reported in aforementioned references and hence the accuracy and validity of unsteady indicial aerodynamics, nonlinear structural modelling, and consequently the developed nonlinear aeroelastic model are confirmed. Note that, the differences, though small, may be due to the different aerodynamic models, the way of Wagner function approximation, i.e. the four indicial functions describing the unsteady aerodynamics in incompressible flow instead of single Wagner function, the solution approach, and the nonlinear terms which have been taken into account.
The analysis of results indicates that a LCO may exist below the linear flutter speed, if a sufficient (critical) disturbance is applied to the system. Bellow this critical value, the wing returns to its initial equilibrium state and beyond it an identical LCO seems to be experienced by the wing. Such a behavior can be classified in detrimental nonlinearity [50] . Moreover, for small oscillation amplitude, the in-plane bending modes seems not to be excited and therefore the response of the system which oscillates about tip displacement values near zero may be determined using aeroelastic equations describing out-of-plane bending and torsional motions. But, the in-plane modes affect considerably the behavior of the system as the amplitude of oscillations increases. In fact, strong nonlinear coupling between chord-wise bending and torsion causes a significant jump in the mean state of oscillations [3] . Consequently, ignoring the in-plane motion in such wings could result in not identifying the oscillations about states unless zero deflection equilibrium state. On the other hand, the number of modes being considered in spatial discretization could also affect the aeroelastic response behavior. The effect of number of modes on tip vertical displacement is shown in Fig. 6 , at a velocity of 30.6 / m sec for an initial disturbance of 2 m. Note that BBT denotes out-of-plane Bending-in-plane Bending-Torsion motion analysis and each digit of the number followed it denotes the number of corresponding mode being taken into account. It can be seen that the wing tip displacement is attracted to the same LCO in BBT222 and BBT232 cases, whereas for BBT133, it cannot accumulate enough energy to jump to a LCO and, therefore, returns to the stable equilibrium state. For BBT233 case, the response lose its periodicity and become aperiodic (chaotic). It should be noted that two latter cases indicate the system response before and after initiation of the LCO at given speed, that is, one can obtain the same LCO as shown Fig. 6 using increasing and decreasing the speed, respectively.
It should be noted that the aeroelastic analyses generally involve the low frequency modes which have the main contributions in occurrence of critical phenomena such as flutter and LCO. For this purpose, a linear modal analysis has been accomplished to determine the wing natural frequencies for all three components of motion including out of plane, in-plane and torsion. As it is shown in Table 5 , the in-plane modes have much higher frequencies than two other components due to higher in-plane stiffness, especially for GW model, so, it would be reasonable to not taking the second and higher modes into account for areoelastic investigations.
To investigate the aeroelastic behavior of HAR wings experiencing speeds greater than Mach 0.3, the compressibility effects is required to be considered. The GW model with characteristics given in Table 3 has a dynamic aeroelastic instability in the compressible range and hence it has been chosen as the second case of the study. Linear flutter boundary of GW in the incompressible flow regime reported in several papers [49, [51] [52] [53] along with that of calculated in the present study are shown in Table 6 , indicating that there is a very good agreement between the results. Note that, as mentioned earlier, the results are the same as bending-torsion analysis. The values given in Table 6 indicate the flutter speed occurs at subsonic compressible flow regime. To provide a reasonable description of the aeroelastic analysis, therefore, an appropriate Mach-dependent aerodynamic loads should be taken into account. The approximating coefficients of the indicial functions associated with flight Mach number could be taken from the curves shown in Fig. 4 . Considering the point mentioned about virtual mass effect in the compressible unsteady aerodynamic theory, the aerodynamic loads are obtained from equations (28) and (29). The results indicate an increasing difference in the LCO boundary evaluated in both cases as the Mach number increases. It can be seen that for GW model, this increasing difference may reach up to 12 percent at the considered flight conditions in this study .Thus, considering the compressibility effects is required to achieve a more realistic behavior of a HAR wing. As shown in Fig. 7 , the flight at higher altitudes increases the speed in which a LCO initiated. Moreover, the flight conditions such as altitude and Mach number also affect the amplitude of a LCO. In this regard for the compressible case, as shown in Fig. 8 , it can be said that the amplitude of a LCO experiences an increase in the higher flight speed, whereas, it can decrease significantly through increasing in the flight altitude.
It should be noted that in contrary of the HPA model in which LCOs are expected to initiate before the linear flutter speed for some initial disturbances, the linear flutter and LCO boundaries are relatively the same in the GW model. To investigate the initial conditions on aeroelastic behavior of the GW model, the time responses of such a model at the flight condition given in Table 3 to various Initial Tip Disturbances (ITD) are shown in Fig.   9 . Despite oscillations with different amplitudes in the transient part of response, they go into identical LCO with similar amplitude and frequency in the steady state response, which means that the initial disturbances cannot change the characteristics of LCO. The stiffness ratio between the out-of-plane and in-plane bending motions, i.e.   , play an important role in the dynamics of the nonlinear system [4] . Fig. 10 shows the stiffness ratio effect on the post-flutter response of the GW model at the flight condition given in Table 3 . The amplitude of LCO can be seen to decrease with increasing of the stiffness ratio, and will be reached to its minimum corresponding to the condition in which the out-of-plane mode effect can be ignored due to its highly rigidity. respectively, and altitude of 10 km , are shown in Fig. 11 and Fig. 12(a) . Although, the linear model shows a constant and exponentially increasing amplitude oscillations at the flutter and post-flutter speed respectively, a nonlinear mechanism, as expected, limits the linear response to a stable LCO about its initial equilibrium state.
It can be inferred that there are two stable attractors in the nonlinear GW model, a fixed point and a limit cycle, which distinguished each other by an unstable LCO at the linear flutter speed. In other words, the wing tip oscillations can settle down into the equilibrium and the specific periodic state below and beyond the linear flutter speed, respectively, for various initial disturbances of 0 v and 0  . It is interesting to note that, in contrary to HPA wing model, it cannot be detected any LCO below the linear flutter speed and hence the dynamic behavior of such a system falls into benign nonlinearity category [50] . of various parameters on dynamic behavior of the Goland wing, the effects of nonlinearity due to inertia and mass imbalance have been also studied in the present work. The results indicate the negligible contribution of these terms on the dynamic response of the system. In other words, the structural nonlinearities have a dominant effect on overall nonlinearity in such a wing model (Fig. 13 ).
Concluding Remarks
Nonlinear aeroelastic behavior of high-aspect-ratio wings undergoing the large deflection in the unsteady subsonic flow regime has been considered in the present study. Hence, using the nonlinear beam theory and the unsteady indicial aerodynamics, a nonlinear formulation describing dynamic response of HAR wings has been first derived, being valid over the entire range of subsonic flow, i.e. 0 0.8 M  Another aspect of the present work has been to investigate the effect of various parameters including the wing characteristics, initial disturbances and flight conditions on the nonlinear dynamic response of system. It has been also shown that the compressibility can affect the LCO boundary up to 12 percent (over the range of the flight speed studied here) in comparison to the incompressible case. That is, an appropriate Mach-dependent aerodynamics can lead to a more reasonable and realistic description of dynamic behavior of the system. Beyond the linear flutter speed, in both cases of study, it has been shown that there are almost the same LCOs for various initial tip disturbances. But under the sufficiently large disturbances, as it was shown in the HPA wing model analysis, one can detect a LCO below the linear flutter speed, whereas such a behavior cannot be found in the GW model. The amplitude of LCOs decreases with increasing the magnitude of the stiffness ratio until finally reaches to its minimum corresponding to the condition in which the out-of-plane mode effect can be ignored due to its highly rigidity. Table 1 Exponential coefficients for approximating the indicial lift and moment Table 5 The uncoupled in-plane bending, out-of-plane bending and torsion natural frequencies for benchmark wing models (Hz) Table 1 Indicial function Table 4 Initial disturbance 0 ( ) Present Reference [3] Reference [30] Flutter speed, 
